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Abstract 



.(1) 



A folding process is applied to fused aV defects to construct defects for the non-simply laced 
^^ afRne Toda field theories of Cn , dn and aj^ at the classical level. Support for the hypothesis 

,—1 that these defects are integrable in the folded theories is provided by the observation that 

^^ transmitted solitons retain their form. Further support is given by the demonstration that 

^N energy and momentum are conserved. 
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1 Introduction 

The affine Toda field theories (ATFTs) have seen an upsurge of interest due to the discovery 
of integrable defects. Thus far only for the aV [U |2] and Og [3j models do integrable defects 
exist in the literature- even at the classical level- despite the search for defects in ATFT having 
been initiated a decade ago [1]. Compare this to the discovery of solitons in ATFT, where the 
construction of aV and ^4 solitons [3] was rapidly followed by solitons in the other models [5j . 
The different ATFTs have similar properties (e.g., they all possess soliton solutions [5]) so it 
is expected that defects should exist for all of the ATFTs- as such, an overarching goal in this 
field is to find and investigate the properties of all of the possible defects. 

Folding, or reduction, is a powerful tool which allows properties of non-simply laced theo- 
ries to be found using properties of simply laced theorie^ which are often easier to work with. 
Indeed, folding has previously been put to use to find, in the non-simply laced theories, solitons 
[3 [6] and also scattering matrices at the classical [7J and quantum [8] levels. Note that folding 
has not previously been applied to the study of defect ATFTs. 

In this paper, a folding process, originally described in f9|, is used to obtain candidate inte- 
grable defects for the Cn , dn and 03 J series of non-simply laced ATFTs by making use of 
aV solitons and defects. Two methods, which turn out to be linked, are used to suggest that 
these defects should be classically integrable. Firstly, what happens when a soliton is sent 
through the defect; secondly, in what circumstances does the defect conserve energy and mo- 
mentum. An interesting by-product of the folding process is that it allows for the construction 
of multisolitons, breathers and fusing rules for these folded theories (c„ , dn and 05^)- some- 
thing not explicitly considered previously in the literature. 

What this paper does not do is provide defects for any of the ATFTs which do not fall un- 
der the umbrella of aV , though it does suggest that if the appropriate defects can be found 
for the other simply laced theories {ds ,eg ,6^ and Cg ) then folding may be applied to give 
the defects of the other non-simply laced theories. Note that only one type of defect is given 
for each of c^ , dn and a2„- there is no claim that other defects should not exist in these theories. 

In order to set notation, and inform the reader unfamiliar with ATFT, a short summary of 
ATFT with defects is given below. 

1.1 AfRne Toda field theory and classical defects 

To each affine Dynkin diagram there is a corresponding affine Toda model [TO]. In 1-1-1 dimen- 
sions a working definition of ATFT is given by the Lagrangian 

C{u)=^u-u-^u' -u' -U{u) (1.1) 



^The simply laced ATFTs are the ctr ,ds ,Cg ,eS, and eg theories. They are distinguished in having all roots 
of the same length, conventionally \/2; although in the ai case the choice of a = 1 is more conventional. The 
non-simply laced theories all have more than one length of root present. 



where n is an r component vector living in the root space described by the affine Dynkin diagram 
and is a Lorentz scalar. The potential is given by [U [5] 

P j=0 

In ( |1.2[ ), {tti} {i = l,...,r), are the positive simple roots of the root space while ao = 
— X^j=i iT-jfXj is the lowest root of the root space, corresponding to the extra node of the affine 
Dynkin diagram. It is the case that X^^=o'^jCKi = 0) so conventionally no = 1, while the other 
marks {rij} are characteristic of the underlying Lie algebra. The constant m sets a mass scale, 
which has no importance for the classical discussions herein so will be set to unity, m = 1. (3 
is the coupling constant. The potential here is chosen such that the zero solution has zero energy. 



The Euler-Lagrange equations applied to (1.1) give 

u-u" = -Uu (1.3) 

where Uu denotes the gradient of the potential with respect to the vector u. 

Guided by the Lagrangian description of a sine-Gordon defect [1]; Bowcock, Corrigan and 
Zambon suggested an Ansatz for defects in the other ATFTs in [2] (subsequently referred to as 
a type I defect [3]) 

C = e{-x)Cu + 0{x)C^ + 5{x)i-uAu + uBv + -vCv-D{u,vy\ . (1.4) 



Equation (1.4) describes a defect situated at j; = with A,B and C constant matrices. £« and 



C-u are 'bulk' Lagrangians of the form ( 1.1 ) for the fields u and v respectively. In practice u and 



V always correspond to the same root data. 



The Euler-Lagrange equations applied to (1.4) give at x = the conditions 

u' = Au + Bv - Du 

v' = -Cv + B'^ii + Dy (1.5) 

as well as the bulk equations of motion. 



In [2] a defect Lax pair, taking into account (1.5), was constructed and it was shown that 



only the aV models may incorporate such a defect and remain integrable. It was subsequently 



shown in fXT] that (1.4) conserves modified energy and momentum only for aV and that the 
conditions imposed are the same as for the Lax pair- i.e., in this case energy- momentum con- 
servation implies integrability. From either approach it is found that 

A = C = 1-B 

i=o i=o 

and so the defect can be classified by B along with the 'rapidity' parameter d. There are two 
possibilities for B, which are 

r 



and its transpose 

r 

^ = E(^^-Vi)Aj (1.8) 

where {Aj} are the fundamental weights of aV , defined by Aj • Qj = 5ij for i,j = 1, . . . , r and 
0. In this paper B will be taken to mean (1.7), with B^ used if the defect is classified by 



(1.8). 



In [2j the effect of the defect on a one soliton solution was examined. Using a one soliton 
Ansatz (of species p, say) for u and for v revealed that a B defect gives v a 'time delay' of 



p 
ie^ + duj ^ 



Ap = ^ (1.9) 

ie^ + duj ^ 



while a B^ defect gives a time delay of 



ie^ -du ^ 



Ap = ^^ (1.10) 

ie^ — duj^ 

where is the rapidity of the soliton and w = e "^ .It should be noted that the time delay is 
dependent on the species of soliton. In particular, the species p soliton and the species h — p 
soliton receive different delays, meaning that neither B nor B type I defects are compatible 
with the folding considered in this paper. 

The framework for defects was extended in [3] to include integrable defects for Og by means of 
what is referred to as a type II defect with an Ansatz of the form 

£ = 9{-x)Cu + e{x)C^ + 5{x) {uv - 2{u - v)x - D{u, v, x)) (l-H) 

(2) 

where u and v are now scalar fields in either ai or Oj (the form of D depends upon which 
theory is being looked at) while x is a scalar field which only exists at the defect, known as an 
auxiliary field. 

It was also noticed that a system containing a type I B defect and a type I B^ defect with the 
same parameter d in (V2 would give the same overall time delay to the species 1 and species 2 
solitonan As such, solitons possessing the Og symmetry in the field u would also possess it in 
the field v. This opens up the possibility that ( |1.11[ ) for a>2 somehow arises from fusing two 
type I O2 defects. This possibility is formulated and generalised to all ATFTs obtainable by 
folding Or in this paper. 

1.2 Layout of this paper 

Section 2 describes the foldings of aV which will be used in this paper, which may be referred 
to as bivalent foldings since the roots of the folded theories are obtained by identifying roots 
of aV pairwise (contrast with e.g., ^4 — )• Og by which one of the folded roots is obtained 



^P. Bowcock, private communication. Also mentioned in [3] 



by identifying four of the roots of d\ ). Such foldings were also considered in [2]. Section 3 
describes how solitons of the folded theories may be obtained from aV solitons via these folding 
processes. The relevant Hirota tau functions [12j are obtained. Where the folding being done is 
non-canonical (in the sense of [9j, i.e., foldings not found in y^) the tau functions are compared 
to those found in [6] , which were obtained by canonical folding of ds models. Section 4 describes 
a fused aV defect and its effects on solitons and energy and momentum conservation. Section 
5 considers folded defects and how they affect the folded solitons. Conservation of modified 
energy and momentum is then proven for the folded defects. This section is perhaps the most 
important, and opens up a number of possible future research directions. Section 6 gives the 
conclusions and outlook for this discourse. The appendices contain some additional calculations, 

(2) 

including some explicit calculations in Og . 

2 Bivalent foldings of aV 

In this section the folding process used in later sections is formulated. It was noted in |9j that 
numerous foldings of this type are possible for a given oV and whilst other ways to fold aV are 
considered in [9] and [H], no extra folded theories arise in this way. Here the bivalent folding 
is done explicitly by means of a parameter k G Z. 

This paper places its foundations in the firm ground of aV , so it is useful to first state some of 
the properties of aV . The roots of aV obey 

ai ■ aj = 26ij - (^i{j+i) - Si{j-i) (2.1) 

for i,j = 0,...,r. It is useful to extend this range for i and j by identifying the indices modulo 
the Coxeter number h. For ctr , h = r + 1, so e.g., a-_2 = ctr-i- For aV the roots conventionally 
all have length \/2 so the Cartan matrix is given by 

C.- 2 



i.e., (2.1). Note that there is no sum over j. The eigenvalues of the Cartan matrix play an 



important role in the construction of solitons. 

Out of the r + 1 roots {ao, . . . ,ar} any choice of r of them form a basis for the root space. 
Conventionally, the fundamental weights {Aj} are given by 

\i-aj = 5ij, i,j = l,...,r 

with Ao = so they form a dual basis to {ai, . . . , Ur}- However, it is equally valid to define a 
set of fundamental weights by e.g., 

Xi-ttj = 6ij , ij = 0,l,...,q-l,q + l,...,r 



with Xq = 0. Note then that in (1.7) and its transpose the sum may be extended to include 
j = and then whichever set of fundamental weights is used B and B remain the same as 
before. Note also that the relation 

Oil = 2Aj — Aj_i — Aj+i 



=o 



T^- 1 (1) (1) 

Figure 1: a2n-i ^ Cn ■ 

is also valid for any choice of {Aj}. 

The affine Toda field, u, lives on the aV root space so a natural basis is given by the simple 
roots {ai, . . . , Or}: u = uiai + . . . UrOr- However, one can consider an extended representation 

U = OqUq + aiUi + . . . + ttrUr 

where only r of the r + 1 components are independent. Noting then that Ui = Xi ■ u, it is 
reasonable to consider Uq = for some q ^ whilst retaining uq. This innocuous observation 
plays a role when considering the folding here in its full generality. 

2.1 The bivalent foldings 

The foldings considered here are bivalent in the sense that the roots of the folded theory will be 
obtained by identifying all roots of aV pairwise. Specifically, the roots Oj and ah+k-i in "r will 
be paired up for all i. Which folded theory is obtained depends upon whether h is even (r odd) 
or odd (r even) and also on whether k is even or odd. That there are a number of distinct ways 
to identify the roots whilst obtaining a folded theory was already noted in [IJj. Roots in the 
folded theories will be labelled by a' . 

2.1.1 Case 1: h even, k even 

This case includes the only canonical folding in this paper (i.e., the only one also found in [13j) 
when A; = 0, that is U2n-i ~^ Cn {h = 2n). This folding is illustrated by figure 1, White nodes 
correspond to roots of length \/2 and black nodes length 1. The nodes in the figure [ij have 
purposely not been labelled. For the "2^-1 picture oq could really be placed anywhere, though 
conventionally it would be placed on the left. To go from a to c diagrammatically the nodes 
that are directly above/below each other are identified. 

Here two nodes are self- identified, so there exist two solutions to a-i = ah+k-V, the self-identified 

nodes are ak and ah+k = a^ , „. Upon folding the labelling of nodes is no longer democratic 
2 2 2"'""' 

and to get the right Cartan matrix for the folded theory, the extra root Og must be identified 
with one of these self-identified nodes. The choice made here is 



implying that 



I 

an = Oik 

2 



, «|+i + a|+2n- 



ihj) 


«r«^ 


(0,0) 


2 


(s, s) s / 0,n 


1 


{n,n) 


2 


(s,s + l) s 7^0,n- 1 


1 

2 


(0,1) 


-1 


(n-l,n) 


-1 



Table 1: Inner products of Cn root space 



.(1) 



For the a2n-i ^^^^ ^ fol*^ ^ly identifying Uk = 0; ^^fc , j = ^i£_|_2,; 



^ for i = 1, . . . , n — 1 and 



Uk 
2 



6„. So 



2n-l 

E 

i=o 



-UjOj 






"l+i + "|+2n-j 



In (/) above, note that when j = ^ = n, both a2n-i roots there are the same, so that term is 



.(1) 



merely 0nO„ i fc • The notation is that u is an unfolded field, and (j) is a folded Cn field, so 

n 



3=0 



It is readily seen in table [ij that this folding gives the correct Cn inner products and so the 



,(1) 



kinetic terms of the Lagrangian (1.1) as as required when folding n — t- (/). The a2n-i potential 
may be written as 



n-l 

U-Ctf^ X — ^ / U'<^k 






Noting that ak^--a'j = akj^^n-i ' ^'j ~ ^'i ' "^j' folding gives 

ra-l 

$ = e-^-^o + 2 ^ e-^-"^- + e"^-"" - 2n 



2n . 



E 



i=i 



nj I e°^"^ 



(2.2) 



.(1) 



with {rii} the marks of the ch algebra. Hence, for any choice of even k, this prescription sends 
a2_i ATFT to Cn^ ATFT. 

2.1.2 Case 2: h even, k odd 

This case is quite different, in as much as all nodes are identified with one other. This case 
gives a2n-i ~^ ^" (despite the notation d„ has just n nodes instead of n + 1). There are 



.(1) 
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Figure 2: 4n-i ^ t^n^^- 



(i,i) 


«r«^ 


(0,0) 

{s,s) s 7^ 0, n 

(n,n) 

(s,s + l) 


1 

2 
1 

1 

2 
1 
2 
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Table 2: Inner products of (ig root space 



equivalent choices of Qq since the Dynkin diagram looks the same from both ends. The choice 

Oq = ^~ — 2^^^ is made, which includes ao when A: = ±1. This folding is shown diagram- 

matically in figure 2l note that the black- in- white nodes have length -7=. 

The identification of roots in the folded theory is chosen to be 

Ofc + l , • + Ofc-l 



a,- 



-+i 



t+2n-i 



and so 



u 



2n-l 
j=0 



2 ^"-' 2 ■ 






n-\ 
j=0 



7(2) 



The normalisation of the dn roots here is non-canonical so this could be viewed with suspicion, 
however the inner products in table \2\ are precisely half of the standard inner products of dn • 



The remedy, if conventional normalisation is required, is simply to rescale the roots a'- 
The potential obtained by this folding is 

71-1 

$ = 25^n,(e'^r<^-l) 



V2a'. 



(2.3) 



j=0 



(2) (2) 

since all the marks are equal to one in dn ■ This potential obtained is twice the standard dh. 
potential. The factor of two may be removed in the action by an isotropic space-time rescaling: 

2.1.3 Case 3: h odd 

This case, illustrated by figure 



Ji) 



covers a: 



,(1) 



2n 



(2) 

a2n, SO h = 2n + 1. Since the indices on the 



roots of a2„ are identified modulo this odd Coxeter number, there is no longer a notion of odd 



=® 



i'lgure 6: a^^ 



(2) 
^2n- 



{hj) 


a'^.a'^ 


(0,0) 

ip,p)p^O,n 

(n,n) 

(p,p + l)lj/0 

(0,1) 


2 

1 
1 

2 
1 
2 

-1 



Table 3: Inner products of Oj^ root space. 



and even indices (e.g., ai = 02^+2)- Due to this, k odd and k even give the same folding, and 
so the choice will be made that k is even (to ensure that all foldings are considered, a suitable 
range is k = 0,2,4, ... , 4n). 

This case contains one self-identified node, ak which will be chosen to correspond to Oq. There 
are n + 1 roots in the folded theory and the identification made is 



a,- 



"l+i + "|+2n+l-i 



The inner products are given in table [3| 
The potential becomes 



j=0 



(2.4) 



with no = 1 and tt-j = 2 for i 7^ 0. Exactly as required for the folding to give Og^ ATFT 



,(2) 



Thus it is shown that these foldings are valid, as expected from [9j. Given this, it is rea- 
sonable to consider the construction of solitons for Cn , dn and a2„ using these foldings (as this 
is the only folding process considered in this paper, these ATFTs will be collectively referred to 
as 'the folded theories'). 



3 Solitons and folding 



A), 



This section details the construction of solitons in the folded theories, all of which are aV solitons 
possessing a certain symmetry (namely Tj 
introduced first. 



Tfc_|_/j_j). In this context, aV solitons must be 



3.1 (Tr solitons 



Hirota methods [12] are used to find soliton solutions in the ATFTs. For this paper the starting 
point will be aV , as it is the theories obtained from folding this that are of interest. For a 
general ATFT the soliton solutions may be written in the form p] 

1 "" 

u=--^r)jaj\nTj (3.1) 

where rn = ——— with no sum implied and the ATFT corresponds to an affine Dynkin diagram 
with r + 1 nodes. 

The tau functions {tj} depend only upon the root data (i.e., which ATFT is being consid- 



ered) and do not depend upon the coupling. In order to find the tau functions (3.1) is used in 



the equation of motion (1.3) along with a decoupling ^. In general the equation to be solved 
is 

m (^^ - Tf - r^n + r'^) - n, [j{rp^-^-^ " 1 I ^ = . (3.2) 



Note that the kinetic terms are always in Hirota bilinear form fiTi—f^—T^'Ti+r-'^ = 2 {D^ — D^) tj' 

Tj, but the potential is only in true bilinear form for oV . For aV , ?7j = nj = 1 for all i, so ( |3.1[ ) 
becomes 

1 *" 
u = --^ajlnTj (3.3) 

^ j=o 
while the equation the tau functions must obey simplifies greatly to 

nn -Ti -T^Ti + Ti = Ti^m+i - r^ . (3.4) 

3.2 Folding aV solitons 

In all cases folding is achieved by identifying at with ak+h-i, so to fold the aV ATFT set 



Ui = Uk+h-i- In the soliton Ansatz (3.3) this is tantamount to having r, = T^+h-i- Any 



aV soliton with this property is also a soliton of the folded theory. A summary of the tau 



function identifications required for the folded solitons to fit the Ansatz (3.1) is given in table 

m 

The possibility of obtaining solitons in the folded theories is dependent on the relation tj = 
Tk+h-i having solutions for all i, so the tau functions will need to be examined. It is already 
known that for c„ in the case A: = that such a relation is possible [5] . 

3.3 Tau functions 

3.3.1 One soliton solution of aV 

The tau functions for the one soliton solution (of species p) of aV are of the form 

Tj = l + ujP^Ep . (3.5) 

10 





c^^^ 


d^^^ 
dn 




-^ 


Tk 
2 


2 


Tk 
2 


T- i / 0,n — l,n 


1+. 


^"V+i 


-1+. 


<-i 


l+«-l 


(^"t'+n l)^ 


!+«-! 


< 


^+n 


- 


(l+J^ 



Table 4: Tau function identifications in the folded theories. 



In (3.5), uj 



2wi 
gr + 1 , 



o;^ 



and p = 1, . . . , r (note that p = just gives the trivial solution), so that 
encompasses the (r + l)-th roots of unity (where r + 1 = h, the Coxeter number). The 



expression Ep is given by Ep = e' 



dp X — Opt-\-Cp 



, Cp is constant: its imaginary component determines 



the topological charge of the soliton under consideration- there are up to r + 1 sectors of differing 
topological charge pT^IS]. In order to avoid singularities in the soliton solution (avoiding tj = 0) 
this imaginary part of Cp should be chosen carefully. The real part of Cp gives the position of the 
centre of mass of the soliton at time t = and may be chosen arbitrarily, ap = Xp cosh 9 and 
bp = Apsinh^ with TZ{0) > for a right-moving soliton (9 is the rapidity- or, at least, TZ{0) is). 
Ap is taken to be the positive square root of the pth. eigenvalue of the matrix {NC)ij = ntai ■ aj. 

For aV these are merely the ordered eigenvalues of the Cartan matrix of the (affine) Lie algebra, 
given by 



A: = 4sin^ 



Tip 

r + l 



(3.6) 



with most eigenvalues appearing twice, p = 0, Aq = (in all cases), and p = n, A^ = 4, (in the 
case r = 2n — 1) are the only eigenvalues which aren't degenerate. It should be noted that the 
square masses of the aV solitons are proportional to these eigenvalues, so it is not erroneous to 
refer to {Ap} as the 'masses' of the solitons. One thing to note is that the {Ap} in the folded 
theories obtained from aV in this paper are exactly the same, only that the degeneracy has 
been removed (the 'masses' of the basic soliton solutions in the folded theories are typically 
{2Ap}). This ought to be contrasted to the cases of dn and Og^ when folded from dg theories- 
there the eigenvalues of NC for dg need to be rescaled to obtain those of the folded theories [6] . 



J — Th+k-j 

T2n+k-j, since (-1)2"+*^ 



which is the n soliton of a 



with k even. In that case 



Note at this point that there is but one non-trivial soliton of aV which is compatible with 
folding (i.e., has r, 

Tj = i + {-lyE 

Cn , as well as being a bona fide ai soliton. 



,(1) 

2n-l 



1. This soliton is the species n single soliton of 



3.3.2 Single solitons in the folded theories 



.(!)- 



The tau functions of a two soliton solution (one of type p; the other of type q) in aV have the 
form 



Tj = l + ujP^Ep + uj'^^Eg + A^P'^^JP+^'^^EpEq 



(3.7) 



11 



where there is now an interaction parameter 

^(P5) ^ (gp - aq) - yup - ugj - .vp_g ^^^^^ 



(Op - Qqf - 


- (bp - bqf - 


-\-q 


{ap + ag)2 - 


-{bp + bqY- 


A2 



and ttp = Apcosh^i, Og = Ag cosh 6*2, etc. (i.e., there are two rapidities to be considered). If 



p and q are the same, and both rapidities are the same, then (3.8) vanishes, and in fact (3.7) 



describes a one sohton solution (from this point of view the n sohton of Cn may also be thought 
of as a two soliton solution of a2n-i)- 

For aV solitons to also be solitons of the folded theories it must be the case that Tj = Tk+h~j- 



After folding (3.7) is to be interpreted as a one soliton solution, so the constituent solitons must 
be given the same centre of mass, TZ{cp) = TZ{cg), as well as the same rapidity, 6i = 02- 
Also, there is little chance of satisfying tj = Tk+h~j if the quadratic term in E depends on j: 
the conclusion is that w^"'"'' = 1 and so q = h — p. Consequently, the solitons being paired up 
possess the same mass, meaning that ap = aq, bp = bq. Thus, Ep and Eq may only differ in 

Ac). 



From (3.8), with 91 = 02, 



.A2 4sin2('^') 



yK-C^-)) = --^%, = ^ = cos^ PV U A . (3.9) 

iaj-4bj 16sin2(^) V + ^J 



Thus, the tau functions compatible with folding (to a one soliton folded solution) all possess 
the form 

Tj = l+ (ujP^ + ujP''-pA Ep + AujP'^E^ (3.10) 

which in aV naively appears to have the interpretation of a species p aV soliton joined to a 
species h — p soliton which has its topological charge shifted into a different sector. It turns out 
however, that the topological charges of the folded solitons only depend on whether k is odd or 
even and so all possibilities are actually encompassed hy k = and k = 1. Nonetheless, this 
paper will continue to work with arbitrary k. 

It can be shown that these folded solitons are the same as those found in [6j with the identifi- 
cations in table HI 

The relative simplicity of aV allows easier construction of the multisoliton solutions than di- 
rectly in the folded models, or via ds which would otherwise be necessary for d„ and Og^. 
Thus, some results are given in the next section which have not previously been published (the 
process was considered before but not included in any publicatioiPl) . 

3.3.3 Other solutions 

Once the basic soliton solutions of the folded models have been found, multisolitons in these 
models can be constructed; however, this requires knowledge of the generally complicated inter- 
action parameters of the folded model. This problem may be obviated by instead constructing 



^G. M. T. Watts, private communication. 
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these multisolitons in the aV model. This was noted in |16j . but was only applied to Cn . 
A formula for multisoliton solutions in oV is |lj 



T, 



1 1 

J - J] . . . 5^ exp 

/ii=0 /ijv=0 



N 



l<i<j<N 



i=l 



(3.11) 



Any solution to (3.11 ) with tj = Th+k-j will describe a soliton configuration in the folded theory. 
In particular, the two soliton solution takes the form 



+ ^(13) (^Pi+gj + ^^P{k-i)+q{k-j)\ ^ -^ ^ ^(14) (^pj+q{k-j) ^ ^p(k-j)+qA ^^^ 



^p^q 



+ ^(34)^(13)^(14)^^^ (^u^Pl + ^Pik-J)^ EpEl 
+ ^(12)^(34) ('^(13)\' (A(14)]'^P'=+'?fci?2^2 



^pJ^q 



(3.12) 



Note that there is no need to convert these tau functions to those that are conventional from 
(3.1) as these tau functions with the Ansatz (|3.3| ) and appropriate identification of roots are 
the solitons of the folded theories. Note that (3.12) contains four interaction parameters- a fact 



that is not obvious, should one wish to construct folded solitons using the folded theory as a 
starting point. 



Using that Op = \p cosh 6i,aq = Xq cosh ^2 , ^p = \ sinh 6i,hq = \q sinh O2 and denoting the 



two rapidities by 



6 + i/j and 62 = — tp gives the interaction parameters as 
+ {Xp + XqY sinh^ %l) - {Xp- XqY cosh^ V 



^(13) 
^(14) 

^(12) 
^(34) 



\2 

p-q 



{Xp + Xq)"^ cosh ^ — {Xp — Xq)'^ sinh ip 



\+q + {\ 



X2 
^p+9 

Xq)'^ sinh^ il) - {Xp- XqY cosh^ ^ 



{Xp + Ag)2 cosh ^ — (Ap — XqY sinh ip — X 



p-q 



cos 



COS 



r + 1 
r + 1 



(3.13) 
(3.14) 
(3.15) 
(3.16) 



Among the two soliton solutions there are two interesting cases that can occur when the the 
relative rapidity 9i — 62 = 2-0 between the solitons is imaginary: 

• The solitons possess fusing rules, which are just aV fusing rules. Fusion of the solitons 



occurs when the denominator of A^^^' in equation ( |3.13 ) vanishes (one should first make 

(^(13))~2^^ and Eq -^ (^(i^))"^^^ in equation ( [3T2| )). This 



the redefinitions -E„ 



;7r(p+g) 



occurs when V' = ±i 2(^+1) ^ ±«V'- The resulting tau functions describe a species s = p + q 
single folded soliton with rapidity 9 = 9 + ^ 2(r+i) 

• The existence of breather solutions in ATFT has been known for some time |17| and 



solutions have been considered in Hirota form for oV [19] and d\ |20j . For equation 



A) 



7(1) 
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u 



X 



V 



X = a 



x = 



Figure 4: Two unfused defects in a 



,(1) 



(3.12) to describe a folded breather the constituent sohtons must be of the same species, 
p = q, with the same centre of mass TZ{ci) = TZ{c2) (where Ep — )• Ei and Eq — t- E2) and 

with imaginary rapidity difference, ip = iijj- 2'i/' must be less than the fusing angle. Note 

(2) (2) 

that in the cases of dn and Og^ these breather tau functions are also the tau functions of 



particular breathers in d, 



(1) 



4 Fusing defects 

This section deals with 'fusing' defects, i.e., combining two defects (both of type I in the language 
of [3j) to form a single (type II) defect. There are two kinds of (type I) integrable defect known 
in aV [2] which are referred to in the introduction as B and B^ defects. One kind of defect may 
be transformed into the other kind by considering the roots of the algebra {aj} in a reversed 
order- this is reminiscent of the folding procedure which identifies Ui with Uk+h-i- 



4.1 Two defect system and time delays 



,(1). 



The starting point here will be consideration of aV with two unfused defects: a B defect at 
X = o < and a B^ defect at x = 0. This is illustrated in figure |4J The Lagrange density 
describing this system may be written as 



C 



[a — X) 



)Cu + 5{a -x)( -uAii + uB-Jc + -X^x - D^^\u, x) j 
+ e{x - a)e{-x)C^ + 5{x) {-\xAx + xB^'v - ]^vAv - D^^^x, v)) + 9{x)C, (4.1) 
where A = 1 — B and B + B^ = 2 with Cu being a Lagrange density in the form of (1.1); Cy 



and C^ similarly. In section [2] it was argued that B may be written 



i? = 25^(A,-A,+i)A 

j=0 



(4.2) 



where A^ = for some q (depending on how the fundamental weights are defined) and B^ is 
simply the transpose of B. 
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The defect potentials are given by 



i=o 



j=0 



^a^(s^u+Bx) 



^aj(^B^v + Bx) 



1 "" 



^a ■S{u-x) 



2"j 



i=o 






^ajB(,v-x) 



d 



(4.3) 
(4.4) 



3=0 



where d and d are free parameters, referred to here as the defect parameters- they may be 
interpreted as relating to the rapidities of solitons when Ap and Ap have poles/zeroes. 



In addition to the bulk affine Toda equations of motion, the Euler-Lagrange equations of (4.1) 
give the defect conditions 



u = Aii + Bx- Du \x=a 
X' = -Aic + B^ii + dW 
X' = -Aic + B^i - 2^(2) I 



x=0 



Av + Bx + D. 



V \x=0 • 



(4.5) 
(4.6) 
(4.7) 
(4.8) 



In (4.5), (4.8) and subsequently, where D is not given a superscript it will be taken to mean 



£) = D(1)+Z)(2). 

Consider evolving a right-moving species p soliton through this system. An Ansatz is made 
as in [2j that the soliton should retain its form, only picking up a time delay and phase shift 
from the defect, so consideration of the defect on the left means that 

r 

u= — 2^ Cij In Tj 

j=0 



j=0 



X 



where the tau functions have the form of (3.5) 






By considering (4.5) and (4.6) (take the inner product of each with ai) it is found, as in [2] 



that Ap is given by (1.9). The time delay to the soliton from this defect is then given by 
At = ^ In |Ap| while the phase of Ap may be absorbed into T{cp) (possibly affecting the topo- 



logical charge). Note the possibility of a pole in (1.9) hints at the possibility of solitons being 
absorbed and emitted- this change in soliton number is not surprising as the x = a defect 



conditions give a Backlund transformation for aV (the x = 
Backlund transformation). 

The other defect at x = produces a similar 'delay' 

TfiO) = l+u;P^ApEp{0) 
TjiO) = l + coP^ApApEpiO) 



defect conditions give another 
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u 



x = 

X 



Figure 5: The fused aV defect. 



,(1), 



where Ap is given by (1.10). The field on the right, v then differs from what it would in the no 
defect case by the factor ApAp. 



Ji) 



The general two soliton solution of oV has tau functions given by (3.7). The consituent solitons 



(species p and species q) are delayed by the defects independently so the effect of the defects is 



T^ = l + ujP^Ep + uj'i^Eq + A^P'^^JP+'^^^EpEg 



1 + UjP^A.„E„ + Lo'^^AaEa + A^P^^JP+'^^^ Ar,AaEr,E, 



'-p^p 



'-q^q 



pivqj^pj^q 



1 + ujP^A„A„E^ + ujt^AAaEa + A^P'i^uj^P+'i^^ A,,A~AiKEr>E, 



i.pii.p±^p 



^q^^qJ^q 



piyqii.piyq±^pi^q 



(4.9) 



This has been verified the lowest non-trivial order (i.e., consideration of (4.5)-(4.8) at order 



EpEq). Its veracity may also be argued in terms of the commutability of Backlund transforma- 
tions: evolving the species p and species q solitons through a defect and then combining into a 
two soliton solution ought to give the same as combining into a two soliton solution and then 
evolving through the defect. 



It turns out that (4.9) retains its relevance when the defects are fused and folded, this is 



argued in the following sections. 



.(1) 



4.2 A fused aV defect and energy-momentum conservation 



Fusing is done at the Lagrangian level by taking a — t- in (4.1), leaving 

c = e{-x)Cu + e{x)c., 



+ 5{x) ( -uAii + uBx - vBx - -vAi) - D^^^ - D^^) j 



(4.10) 



There no longer exists any bulk for the field xi it is effectively trapped in the defect (as illus- 



trated in figure 5 ^ and hence may be referred to as an 'auxiliary field'. Note also that (4.10) 



bears some similarity to (1.11) though there is no direct coupling of the bulk fields u and v- 



this is to be expected here as the fused defect arises from two separated defects and locality 
dictates that u could only couple to v via the field x- ^^ fact, pi] and [23] use a modified type 
II Ansatz which eliminates the direct coupling of the bulk fields found in [3] . 



The Euler Lagrange equations of (4.10) give now the bulk equations for u and v as well as 
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the defect conditions at x = 



AiL + Bx- Du 

Av + Bx + D^ 



B^u + Di^) = B^v 



£,(2) 
X 



(4.11) 
(4.12) 
(4.13) 



There are now three vector equations instead of the four of (4.5)-(4.8) and it is seen that (4.13) 



also arises from identification (4.6) and (4.7) when a = 0. Thus it follows that any solution to 



(4.5)-(4.8) with a = must also solve (4.11), (4.12) and (4.13) and so the time delays previously 



found and (4.9) remain valid for the fused defect. 



Conservation of a modified energy and momentum for the fused defect is now shown- this 
strongly indicates classical integrability of the fused defect, but is mainly done in order to set 
the scene for energy- momentum conservation of the folded defects. 

4.2.1 Energy conservation 

Consider the bulk contribution to the energy, i.e., the integral of T^^ of the stress tensor which 



derives from (4.10) 



E = -u ■ u -\ — u ■ u + U dx + / -V ■ V -\ — v' ■ v' + V dx 

7-00 2 2 Jo 2 2 

where U and V are the bulk potentials for the fields u and v respectively (the field X) before 
fusing, would have a potential denoted X). Taking the time derivative of this and using the 
bulk equations of motion; u — u" = —Uu, v — v" = —Vv] gives 

E = ii ■ u' — V ■ v' \x=o 

provided that the fields are constant at spatial infinity. This is now amenable to the use of the 



defect conditions (4.11), (4.12) and (4.13) 



E = ii ■ u — V ■ v'\x=o 

= u{Au + Bx- Du) -v{Av + Bx + D^ 
= X [B^u - B^v) -u-Du-v-D^ 



-ii- Du-v- Dy -X- D^ 



-D 



So, the quantity E + D, the bulk plus the defect energy, is conserved. In some sense this is 



trivial, as applying a Legendre transformation to the Lagrange density (4.10) and performing 



spatial integration gives the quantity E + D as the Hamiltonian of the system. 

It would appear that energy conservation makes no constraint on D, but there is one sub- 
tle implication in interpreting D as an energy contribution. The energy can be viewed as the 
sum of a positive and a negative helicity term, i.e., the sum of the lightcone momenta P"*" and 
P~ (with a possible factor depending on notation)- hence, the defect potential D (indeed D^^> 
and D^'^' separately- from energy conservation of type I defects) may also be written as the 
sum of a positive and a negative helicity term. The form of D'^^' and D^^^ are already known 



and given by (4.3) and (4.4) and each is already written in two parts- the interpretation here is 
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that the terms with prefactor d and d have positive hehcity while the d^^ and d^^ terms have 
negative hehcity- the opposite labelhng is equally possible. This interpretation of the helicities 
is a useful guide for the momentum conservation argument. Momentum is given by the differ- 
ence of the lightcone momenta P"*" — P~ , so the defect contribution to momentum is expected 
to consist of the difference of a positive and a negative helicity term. 

4.2.2 Momentum conservation 

Here it is shown that the fused defect conserves momentum. Naively one might not expect 
any sort of momentum conservation from a defect ATFT given that placing the defect explicitly 
breaks spatial translation invariance. Nonetheless, |11] shows that not only do aV defects admit 
a modified conserved momentum, the conservation of energy and momentum alone is enough 
to specify the Lagrangian with the result being that the defect is integrable, given the Lax pair 
analysis of [2J . It is not guaranteed that momentum conservation in other types of defect implies 
integrability, but given the similarities of the different ATFTs, there is reason to believe that 
this is true. 

The bulk contribution to the momentum is given by the integral of T*^^, so 

/O ^oo 

u ■ u' dx + V ■ v' dx . 

"OO Jo 

Taking the time derivative and using the bulk equations of motion gives 

p = -u-uJ^ -u' -u' -U v-v v' -v' + V \x=o (4.14) 

so long as the fields and potentials are constant (in vacuum) at spatial infinity. The aim again 
is to show that there is a conserved quantity by showing that P is a total time derivative of a 



quantity that exists at x = 0, so the first step is to remove the spatial derivatives via (4.11 ) and 



(|4.12|) to obtain 

u = [iix 

iiA^Au + xB^Bx + DI + 2xB^ Aii - 2uA^D^ - 2xB'^Du (4.15) 



u' -u' = {iiA^ + x-B^ -Du)-{Au + B-x- D^) 



and similarly 

v' -v' = {vA^ + xB'^ + D^)-{Av + B-x + D^) 

= vA^Av + xB^Bx + DI + 2xB'^Av + 2vA^D^ + 2xB'^ D^ . (4.16) 

Noting that A^ A = B'^B - 1 = BB^ - 1, B^A = AB^ , ( |4l5| ) and ^J^ give 



I -u -v' -v' = u {BB^ -l)u-v {BB^ - l) v + 2xA {B^ii - B^v) + dI - D^ 



2uA^Du - 2vA^D^ - 2x (b'^Du + B'^D^ 



ii {BB^ -l)u-v {BB^ -l)v + Dl- Dl 

- 2uA^Du - 2vA^D^ - 2x (b^Du + AD^ + b'^D^ + AD'^A (4.17) 



where (4.13) has been used to substitute for i?-^tt — B^v. It is clear that (4.17) contains the 



terms — n ■ ii + v ■ v, cancelling terms in the momentum expression, but there are still terms 
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which are quadratic in time derivatives to deal with, i.e., uBB^ii — vBB^v; these terms can be 



dealt with by squaring and equating both sides of (4.13). As a general principle, it is sensible 



to pair up D^^^ with the field u and D^'^' with the field v which is why (4.13) is presented in its 

(4.18) 



given form. Squaring both sides of (4.13) gives 



iiBB'^u - vBB^v = -2uBD'^'> - 2vBD^^^ - L»W • D^ + D^^^ ■ D^^'^ 



and consequently, (4.14) reduces to 



P = - [ii ■ ii — i] ■ ij + v! ■ u — v' ■ v'^ —U + V 

= _[/ + y + _ (d'^ _ /)(!) 2 I d(2) 2 _ ^2 



n [A^Du + BD^^^ 



A^D^ + SDI^) 



X 



B^Du + AD^^^ + B'^D^ + AD^^^ 



(4.19) 



For (4.19) to be a total time derivative strong constraints must be placed on the form of D. 



Fortunately, the form of D here is already known from ^ and the fusing process so it becomes 
a matter of testing that D has the right properties. 



With the identification of helicities of terms in D made in section [4.2.1 as well as D being 
the sum of D^^> and D^"^' , the defect potential, (14. 3|) plus (4.4), splits into four parts given by 



DW+ = dY,e 



j=0 



D(2)+ = J^e 



j=0 



2-.(b' 


^u+Bx) 


r 

i=o 


2«j(sx 


+bT,,) 


r 



^(l)-^l^,^^-'"-)^^5. 



j=0 



i=o 



Z)(2)- 



1 ^ ^a^B'^(x-v) 1 v^ lajB(v-x) 



j=0 



d 



E' 

j=0 



j=0 



(4.20) 



Note that D^'^> has precisely the same form as D^^' only with v instead of u; consequently any 
property of D^"^' may be drawn on by analogy to the corresponding property of D^^' . Note now 
that 



3=0 



^(1)+ = J2 \B^o.,a, 



i=o 



d^- 



t¥ 



Uib 



J "J 



j=o i=o 

with similar expressions involving D^'^' . This gives the relations 





= ^4'^ 


DZ 


= -D? 




= BD<^'> 


D^ 


= -D?' 



(4.21) 
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and so, using (4.21), (4.19) reduces to 



p = -U + V + ^ (^Dl - Di^^^ + 1)12)2 _ d2 



iiiDt 



D- 



X 



X 

D- 



X{D' 



D: 



So, in order for momentum conservation to work, D must be quadratically related to U and V 
such that \ (dI - Z)[^^ ^ + d'^^ ^ -DI) =U-V. 



Noting that 








r 2 ifi=j. 


r 2 ifi = i. 


aiB aj = < 


-2 if z = j - 1 aiBuj = < 


-2 \ii = j + l 




otherwise 


otherwise 


and using the relations 


(4.21) and the form of D in (4.20) it is seen that 



1 1 '' 

- (dI - 41)2) = D+D- - D^^^+D^^^- = ^Y1 '^iB^^J^^ibj = 5Z«*^^ -^aA+i = U-X 



i,j=0 i i 

where X is the would-be bulk potential for x- A similar relation holds for D^"^', implying that 
d'^^ ^ - D2 = X - y and so it is true that ^ (dI - D^^ ^ + D^^^ "^ -Dl\ =U-V which finally 
gives 

'l)+ - D- 

meaning that there is a conserved momentum given by P + D^ — D~ . It is conjectured that 
for the folded case that the same quantity, with the bulk fields u and v replaced in D by their 
folded counterparts, is conserved, i.e., the aim is to take P and show that it in fact is equal to 



Note that an analogous analysis holds if in the first instance in (4.1) the B defect is taken 



to be to the right of the B^ defect. This perhaps should come as no surprise as one may appeal 
to commutability given that the defect conditions describe Backlund transformations. 



5 The folded defect 

This section discusses of the folding of the fused defect system and by consideration of soliton 
time delays then energy and momentum conservation it strongly suggests the existence of clas- 
sically integrable Cn , dn and Og^ defects. The process and the outcome are perhaps the two 
most salient aspects of this paper. 



5.1 Folding the Lagrangian 

There is from the outset an ambiguity over what is meant by the folding of the fused defect 



system of section 4.2 One can consider folding a the Lagrangian level before finding the Euler- 
Lagrange equations, termed as a priori folding in this paper. Another way to view folding 
is to first find the Euler-Lagrange equations of the unfolded Lagrangian and then afterwards 
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fold these equations, termed as a posteriori folding. The equivalence of the two points of view 
is investigated in appendix lAl In this section the folding being considered is a priori folding: 



folding the Lagrangian (4.10) 



The aim is to have the folded system describe a defect in the folded theory. In the bulk 
that means that the fields u and v must be folded, but at the defect it is not clear what should 
be done with the auxiliary field x- Consideration of the time delays of soliton solutions, section 



5.3, suggests that the field x should not be folded. 



One simplification that occurs in folding the Lagrangian (4.10) is that the self-coupling kinetic 



terms at the defect vanish because a[Ba'j = a[ ■ a'-. Hence, since A = 1 — B, 

= ipATp = . 



(5.1) 



This means that the Lagrangian ( 4.10| ) folds to 

+ 6{x) (^4>Bx - i^Bx - D^'^ (</., x) - D^^^ (x, i^)) 
which fits the modified type II framework of j21j . 

In vector form the Euler-Lagrange equations are thus 

(p' = pBx - D^ 
^' = pBx + D^ 
B^<j) + L>W = B^i; - d'^^ 



(5.2) 



(5.3) 
(5.4) 
(5.5) 



The subscript p found in (5.3) and (5.4) in front of Bx denotes 'projected'. What is meant by 



this is explained in appendix A| Also tackled in appendix [A] is the relation between the folded 
and unfolded gradients, i.e., comparison of D^ to D^, the results of this analysis are summarised 
in the next section. 



5.2 Content of the defect equations 



In appendix^ the equations (5.3), (5.4) and (5.5) are examined in greater depth. Here a sum- 
mary is given of the most salient features. 



Universal expressions are found for D^ and D^ which are 

h-l 

j=0 
h-l 

j=0 
h-l 

^t = ^l (^"i + B^ak+h-j) aj 

j=0 
3=0 



(5.6) 
(5.7) 
(5.8) 
(5.9) 
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while the gradient of D with respect to x is given by 



D 



E5«"' 



j 



oij ( bj + b 



J 1 i7j -r <yj 



(5.10) 
(5.11) 



Examination of the components of (5.5) gives the algebraic constraints 

^x. + ^x.+.-i-, = 
which may be put in the form 

Oj — ak+h-i + ai — (ik+h-i — bi + bk+h-i — bi + bk+h-i = . 



(5.12) 



5.3 Time delay of solitons through the defect 



From the argument of a posteriori folding it is seen that any solution to (4.11 ), (4.12) and (4.13) 
which has the symmetry of a folded field, namely Ui = Uk+h-i-, Vi = Vk+h-i, must then satisfy 



the a posteriori folded equations (A.l), (A.2) and (A.3). Consequently, the fused defect time 



delays of equation (|4.9|) should be re-examined in the case of a folded soliton on the left, i.e., 
q = h-p,Eq 



(jo^^Ep. This gives 

rf = T," = 1 + fa;P^' + uj^^^p^] E„ + Au''^ eI 

E„ + Alo''^ A„Ah_„E?, 



rf = 1 + ( ujP^ Ar, + uP''-P^ Ah 



T • ^ T ■ 
3 3 



1 + (ujP^ApAp + oj'i^ Ah-pAh^p) Ep + Au^^ ApAh-pApAh-pE: 



(5.13) 

(5.14) 
(5.15) 



where A = cos^ 



Trp 
f+T 



and the delay factors are given by 



Ar, 



A„ 



dbj' 



le i 
ie" + 
ie^ — doo 
ie^ — dbj 



duj 2 

V 

3 



~ p 
2 



A 



h—p 



le 
ie^ 



duj 
- duo 



A 



ie^ + duj^ 

h-p = , _P 

ie^ + du} ^ 



(5.16) 



It is clear that (5.13) represents a folded soliton, this is the choice that is made. Equally clear 



.(1) 



is that r^ / Tk+h-j' since Ap / Ah_p except for p = n in Cn'- consequently it is not possible 



to fold the auxiliary field X: despite the algebraic constraints (5.12) implying that x may be 



thought of as having the same number of degrees of freedom as a folded field has. 
What is desired is that the field on the right, v represents a folded soliton, i.e., tV = r. 



k+h-j^ 



SO 



that V may be replaced by ijj and the a posteriori defect equations satisfied. For this to be true 
it must be the case that 



ApAp 



^h-p^h-p 



in which case every A may be absorbed into the definition of Ep as a time delay and phase shift. 
Note that this condition is the same condition as having the aV single soliton species p and 
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species h—p solutions receiving the same delay through the fused defect. Thus, the condition 
for the soliton on the right of the defect to be in the folded theory is 

J^h-pJ^h-p 







ApAp 



e^' iujP 



UJ 



)(cP-d' 



denom. 
where 'denom.' is the common denominator obtained by multiplying all of the denominators of 



(5.16) together. So the defect represented by the Lagrangian (5.2) is only likely to be integrable 



if 



d = ±d 



(5.17) 



as this is what is required for the soliton solution ( 5.15 ) to be compatible with folding. Therefore, 



there are two possibilities then that give folded solitons for ^ 



-d it is the case that ApAp 



When d 

a trivial time delay. Indeed in this case if ^ip 



^h-p^h-p 



1. i.e., all of the solitons receive 
is imposed then the defect part of the 
Lagrangian (5.2) vanishes- so there is no defect there. The interpretation of this is that 



the second defect is the anti-defect of the first- fusing them causes annihilation. 

When d = d there is a non-trivial time delay (different for each p) so this should represent 
a bona fide defect which does not destroy the form of the solitons (a strong constraint, 
suggesting that the defect is integrable) . Note that if 9 and d are real then the time-delay 
is real too- there is no change of topological charge. 



5.3.1 Algebraic constraints with d = id 



The algebraic constraints from (5.12) have the undesirable property of mixing helicities for 



general d and d. As such, only if the positive and negative helicity terms in (5.12) separately 
vanish will there be no mixing of helicities. Before folding the terms in D are 

6,- = d-ie"»-"'-i->^'+^'-i 



d 



"1 „Oi-Vi^i-Xi+Xi-i 



If d = ltd then 

at - Qk + h-i + di- dk + h-i = d {e^^-^^ + l+X^-X^-l _ g«fc + h-> -«fc + h + l->+Xfc + h-» "Xfc + h-l-^ 

J^pVi—'"i + l+Xi~Xi-l zn p"k + h-i—Vk + h + l-i+Xk + h-i — Xk + h-l-i\ 

h - bk+h-i + bi- bk + h^i = d'^ (g«-«i-l-Xi+Xi-l _ ^Uk + h-^-Uk + h-l-^-Xk + h^^+Xk + h-l-i 

-^g^i—'"i-l—Xi+Xi-l qz Q'"k + h-i — '''k+h-l-i—Xk + h-i+Xk + h-l-i\ 

where the ± and =F are strictly correlated- the top set of relations refer to d = d, while the 
bottom to d = —d. 

Folding the defect field theory, in all cases considered involves identifying n, = u^^h-i and 
Vi = Vk+h-i- Leaving the folded fields in terms of {ui} and {vi\ then gives 

a, - ak+h-i + ~ai- dk+h-r = d (e«»-«'+i+x«-x»-i _ ^''^-n^-i+Xk+H-.-Xk+H-i-. 

^^Vi-Vi+i+Xi-Xi-l zr gVi-Vi^i+Xk+h-i-Xk+h-l-A 
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whilst it is seen that, for either identification, d = zizd, 

hi - bk+h-i + bi- bk+h-i = -d"2e"^*+^'-i~'^'=+''-'+^'=+'-i-' {at - ak+h-i + ai- dk+h-i) 
and so the positive and negative helicity algebraic constraints are equivalent 

O-i — O'k+h-i + «i — dk+h-i = <;=^ 6j — bk+h-i + h — bk+h-i = . 



In light of (5.12) then, the algebraic constraints become 



resulting in 



DZ +D- =0 

Xi Xk + h-l-i 



0-i — O-k+h-i +di — dk+h-i — 

h — bk+h-i + bi — bk+h-i = 



(5.18) 
(5.19) 



It is noteworthy that condition (5.17) links the soliton time delay argument to the momentum 



conservation one. The condition ensures that solitons retain their form in the folded defect 
model and also ensures that the algebraic constraints do not mix helicities- which the momentum 



conservation argument of section 5.5 relies upon. It is thus assumed for the purposes on showing 



energy and momentum conservation that (5.17) is true, d = ±d 



5.4 Energy conservation 



For both energy and momentum conservation, the a priori folded defect equations; (5.3), (5.4) 



and (5.5); will be used. The process here is analogous to that of the energy conservation of the 



fused defect in section |4.2.1[ The bulk energy is then modified by the defect such that 

E = <j) ■(/)'- ijj ■ tp' |^.=o 

= 4'pBx -4" D^ -TppBx -Tp- D^ 
= X [b^<P - B^i?j -^-D^-^-D^ 
= -(j) ■ D^ - X ■ D^ - Tp ■ D^ 



-D 



so once again the quantity E + D is conserved. Note that it is safe to drop the p subscript above 
as (j) and ip both lie in the folded root space. 

5.5 Momentum conservation 

The momentum conservation by itself is the most involved of the calculations presented in this 



paper, but much simplified by employment of the relations (5.6)-(5.11 ) of section 5.2 along with 



the helicity conserving algebraic constraints (5.18) and (5.19). The bulk momentum is modified 
such that 



P 



1 



b' + 4> ■ 4> - ip' ■ ip' - tp ■ tp] - $ + * 



(5.20) 



where $ and ^ are the folded bulk potentials. 
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The first step in showing this momentum is conserved is to use the squares of (5.3) and (5.4), 
giving 

c^ -41 = [^xB^ - D^) {pBx - D^) 
= pxB^pBx - 2xB^D^ + Dl 



and 



= pxB^pBx + 2xB''D^ + Dl . 



In both cases it is not known what the first term, pxB^pBx, is in general; nor indeed is it even 
clear what it means. However, this issue drops out of the momentum conservation argument 
since 



J.' a' I I I I 



i,' ■^' = -2x {B^D^ + B^D^) +Dl-Dl. 



(5.21) 



At this stage progress can be made by anticipating the final answer to be P = — ( -D"*" — D 



which requires a term —x(^D^ — DY It is evident from the defect conditions; (5.3), (5.4) 
and (5.5); that the only place where terms dependent on x can appear in (5.20) stems from 



A' Al nl,' »/,' 



ip' ■ ip'. The conclusion is then that 



B^D; + B^D; = D^ 
B^D^ + B^D- = -D- . 



(5.22) 
(5.23) 



If (5.22) and (5.23) are true then (5.5) may be rewritten, noting that B^ is invertible, as 

^ + Dt-D-^=i^-D+ + D^ (5.24) 



Note that the left-hand side of (5.24) is not equal (-B ) times the left-hand side of (5.5)- 
some rearrangement is necessary. Squaring both sides of (15.24) gives 



^p.^ = -24>(Dl-Dl]-2i:{Dl-D-]-{Dl-D-] + (D^ - D 



tp 'ip 



'ip 'ip 



and hence (5.21) and (5.25) may be combined to give 



+ . _ ^' . ^' _ ^ . ^ = _2 Z)+ - Z)- + 4D+D- - 4D+D, 



Ip Ip 



to wit, (5.20) reduces to 



P = -D+ + D- + 2D+D-^ - 2D+D^ -^ + ^ . 



(5.25) 



(5.26) 



Therefore, a modified momentum of P -|- D'^ — D is conserved, provided 



^D^^D-^-2D^D-^=^-^ 



(5.27) 



This argument would prove momentum conservation but there are three equations which must 



be proven which rely upon the particular form of D, i.e., (5.22), (5.23) and (5.27). 
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5.5.1 Proof of the relations K22^ and K2^ 



In order to prove (5.22) and (5.23), all of the relations (5.6)-(5.11) will be required, along with 



the algebraic constraints (5.18) and (5.19[). The first step is to note (5.10), given by 



Dt = y -B 



2" aj{aj + aj) 



and to put the left-hand side of (5.22) into this form. Thus, 



B^D^ + B^D+ = Y, \b^ {Baj + Baj + B^ak+h-j + B'^dk+h-j) aj 

3 

= Y^ -.B'^ {{B + B^)aj + iB + B^)dj + B^{ak+h-j - aj) + B'^{ak+h-j - ~aj)) aj 



Yl 2^^"* ^"^' + "j) + Z] i^^^^ (ak+h-j - aj + ak+h-j - aj) at 

3 3 



where B + B^ = 2 has been used along with (5.18). 



The situation for (|5.23|) is entirely analogous, with 



B^D- + B^D- = Y \b' «, [b, + b,) = -D- . 

3 



5.5.2 Proof of (5.27) 



Here the final relation for momentum conservation is proven 



2^0 ^^ - ^D^^D^ = ^-^ 



Before folding, the bulk potentials are given by 

r 

U{u) = Y"'i^i 

3=0 

T r 

X{x) = J^«j^i+i = X]"j'^J+i 

T 

y = ^0^3^ 
3=0 



and so 



1 '' 

U - X = - Y, ctiB'^ajGibj 

i,3=0 
1 '' 

V - X = - Y aiB'^Ojaibj 



i,j=0 
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giving the right-hand side of (5.27) as 



1 ^ 
$ - ^ = - ^ aiB'^aj (ttibj - dibj 



i,j=0 



(5.28) 



where Oj, at, hi and bi are now written in terms of the folded fields. 
The left-hand side of (|5.27[) can be rewritten using (5.6)-(5.9) to give 



2D+D^ - 2D+D^ =12r ("*^J - ^'^j) («*^^^^«i + ak+h^^BBak+h 



«j 



-a 



iB'^Bak+h-j + Ok+h-iBB'^aj) 



y^ - (aibj - dibjj {aiB^{B'^ + B)aj + ak+h~iB{B + B'^)ak+h~j - aiB'^Baj 



*j 



ak+h~iBB ak+h-j + o^B Bak+h-j + ak+h-iBB aj) 



- ^ (ciibj - dibjj [aiB^aj] + ^ M^ [aibj - dibj 



«j 



«j 



^ ~ * + X] ^^*J' ( "*^J ~ "*^J 



«j 



where use has been made of the facts that Ok+h-iBak+h-j = o-iB Uj and that B + B = 2. In 
the last step (5.28) has been used. The quantity Mij is defined as 



M, 



1 



u 



(qj - Uk+h-i) BB'^ (ak+h-j - aj) 
so what now remains to be shown is that 

y^ Mij (aibj - dibjj = . 



(5.29) 



First note that 



M(k+h-i)j — Mi(^k+h-j) 



-Mi. 



Using ( 5.18[ ) then implies that 

y^ Mijtti = ^ Mijak+h-i - y^ Mijdi + ^ Mijdk+h-i 

i i i i 

= - 2^ Mi^k+h-i)jO-k+h-i - 2_^ Mijdi - 2^ Mi^k+h-i)jO'k+h-i 

i i i 

= -J2Mijai-2Y^Mijdi 

i i 

=^ Y,Mi,ai = -Y,Mi, 



LljUii 



while (5.19) analogously gives 



Y,M,,b, = -Y^M^ibj . 
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Thus, (5.29) is true since 

y^ MijUibj = - ^ Mijdibj = + ^ Mi j ail 



and hence 



3 

hi id hi 



^D;D^-2D;D^=^-^ 



In conclusion, (5.26) reduces to P = — [D^ — D 1 and so P + D^ — D is a conserved 

quantity, certainly when d = id. Hence, energy and momentum are conserved by the folded 
defects. Momentum conservation in particular is a strong constraint, perhaps even implying 



integrability, so there is more than a hope that (5.2) with d = d represents integrable defects 
for c„ , dn and a2„. 

6 Discussion 

Conclusions 

The main conclusion of this paper is that certain aV defects may be folded to give defects in 



the folded models of Cn , dn and a2„ with Lagrangian description in the form (5.2). There are 
two strong reasons to believe that such defects are integrable. 

• Firstly, energy and momentum conservation, when applied to a type I oV defect, are in 
themselves enough to force the defect to be integrable [llj. It is certainly plausible that 
the same holds for these folded defects. 

• Secondly, there is the rather simpler argument of classical scattering of solitons off the 
defect. This argument alone is suggestive of integrability as the solitons retain their form 
and so ought to conserve an infinite number of charges. 



Though not the main focus, this paper also furthers the work of [9j by using the relatively simple 
arena of aV to construct solitons and brea 
particular have not been published before. 



arena of aV to construct solitons and breathers in Cn , dn and Og^. The breather solutions in 



There do remain a couple of loose ends at the classical level. One regards the interpreta- 
tion of the auxiliary field, x-, ™ the folded defect. Since the algebraic constraints may be used 
to reduce the number of degrees of freedom of x to that of a folded field, it seems highly likely 
that one may construct similar defects by starting in the folded model, i.e., without any refer- 
ence to Or . Another is that it is as yet unclear whether or not the folded defect conditions 



((5. 3), (5. 4), (5. 5)) represent a Backlund transformation in the folded theory- such as was found 
for aV type I defects in [2] . 

Future directions 

Note that all ATFT defects found thus far have been purely transmitting, agreeing with the 
findings of Delfino, Mussardo and Simonetti [22], so one clear extension of this work would be 
to find the quantum transmission matrices for the folded defects. The transmission matrices for 
type II defects in the aV theories are found in [23j , where the Lagrangian considered bears more 
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^n 
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Figure 6: (i„|]^ 
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Figure 7: 4n+2 ^ ^S- 



than a superficial similarity to (5.2). One would hope that in a similar way in which ^ presents 



the folded bulk S-matrices in terms of the unfolded ones, the folded transmission matrices may 
be found. 



Another direction is to try to find defects for the other simply laced ATFTs {ds , Cg , e\ 
and Cg ) which then might be folded such that all ATFTs are covered. In fact, there are possi- 

defects in this paper due to the use of the non-canonical 



7(1) 



bly some implications already for dg 
foldings a2n-i ~^ ^h. and a2„ 

is from a d series ATFT rather than an a series one (see figures ^ and ul) , so there is the question 

(1) 
of whether a dl defect ATFT, should such a thing exist, might be folded to give something of 



(2) 

a'2^ ■ For both of these folded theories the canonical way to fold 



the form of (5.2). 



One can also look at the possibility of using defects to find more general integrable bound- 
ary conditions. The possibility of a boundary with an auxiliary field was considered in j24j : 
while the paper [25] considers a defect fused to a Ghoshal-Zamolodchikov type boundary f26J 
in ai. Classically integrable boundary conditions, which happen to be highly restrictive (no 
free parameters), have been known for the folded theories Cn , dn and a2„, for some time 
[27J . There is the possibility of fusing the defects here to such boundaries to give more general 
boundary conditions, though it is not immediately clear whether or not integrability would be 
preserved. 
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a priori folding 


a posteriori folding 


cP' = pBx - D^ 
ij' = pBx + D^ 


B^4> + D^x^=B^i;-D^^^ 



Table 5: Comparison of the a priori and a posteriori defect conditions. 

Equivalence of a priori and a posteriori folding and ways to 
write Dj, 



As is mentioned in section 5.1 there is an ambiguity in what is meant by the folding of the 
fused defect. There are two different points of view to consider. 



1. The folding may be applied to the Lagrangian (4.10) as is done in section 5.1 This folding 



is a priori in the sense that it is done before varying the action. 



2. The folding may be applied a posteriori to the defect equations (4.11), (4.12) and (4.13), 
after varying the unfolded action. 



The a posteriori equations are given by 



(j)' = A(j) + Bx - Du 

i;' = AiP + Bx + D^ 



B 



T, 



+ 4^) 



B^V' - Df^ 



(A.l) 
(A.2) 
(A.3) 



The comparison of (A.l), (A.2) and (A.3) to the a priori folded defect conditions ( |5.3| ), (5.4) 
and (5.5) is shown in table 5| Although the third equation on each side of table [s] matches up. 



there are a number of critical differences between the two sets of equations: 

• The apparent self coupling found in the a posteriori equations and not in the a priori 
ones. 

• The quantities Du and D^j are still used in the a posteriori folded case even after folding 
has occurred. What is meant by this is that the expressions are the same as D^ and D^ 
respectively, but with the identifications made on the components of u and v such that 
Du and D^ are written with (jj and -0, respectively, in the exponents. These quantities do 
not match L>0 and D^, as the meaning of the gradient is changed by folding. In summary: 

• Perhaps the most fundamental difference is in the number of equations obtained when 
considered in component form. Whilst the variation of the action required to obtain the 
a posteriori equations is always done on the full aV root space, the first two equations of 
the a priori case are obtained by varying in the folded root space- or with respect to only 
symmetric configurations of the aV root space. Thus, there are always fewer equations of 
motion in the a priori case- so it should be the true that if the folding processes are not 
completely equivalent, then at least the a posteriori case will contain the a priori case 
and possibly some extra information. 
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• The presence of the subscript p before the Bx in the first two a priori equations is there 
to emphasise that the Bx found in those equations only makes sense in components when 
projected onto the folded root/weight space. It is valid to consider (a^ + Ok+h-i) Bx since 
ai + ak+h-i lies in the folded root space, but it is not valid to consider (oi — ak+h-i) Bx 
since Oj — ak+h-i does not lie in the folded root space. For the a posteriori case both 
projections may be considered as they both lie on the unfolded aV root space. 

By first tackling the form of Z),^ and D^ it will become possible to compare each pair of equations 
above in turn. 

A.l Gradients of the defect potential 

In section [2] it is seen that despite all of the possible bivalent foldings of aV having major differ- 
ences, all of the folded roots did take the universal form of "' "fc+^-' _ j^ would be helpful to be 
able to write the gradients of the potential in a universal way, rather than having to consider 
c<". <(?> a„d a?) separately^ 

First consider the folded field cj) written in a different manner to the standard one of section [2j 
For Cn and Og^ this is 



l+n 






aj + ak+h-j 



3 

k 



with (bk 



2 



(2) 
Similarly, if the folded theory is dn the field is 



'^+n-l 

EOj + O-k+h-j 
9 



, = ^ + 1 



"3 
2 

with (^fc+i+i = 4^1- 

The reason for this relabelling is to make contact to the components Ui and Uk+h-i in the 
defect potential D. Folding is, in all but one instance, achieved by setting Uj = u^+h-i = 2 



component (pi is given by 



(the exception being that Uk, = (f)k,„ in Cn ) and so the derivative of D with respect to the 

2 "*" 2 + 



D^^ = ^{Du,+Du,^,_^) (A.4) 

which is true for all of the identifications, including the exception mentioned above. Given this, 
Di may be found explicitly using the relations (4.20). The u dependence only appears in D^^' , 



and it will be necessary to split the positive and negative helicity parts, so the quantities of 
interest are 



^ajl^B^ u + Bx) 



i=o i=o i=o 

j=0 j=0 j=0 
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with the identifications 

aj = e"j-"^+i+>^^-Xi-i and bj = 6^'^-''^-^-^^+^^-^ . 

Thus, written in this compact notation it is seen that 

Dui = bi- bi+i , -^Mfc+h-i = bk+h-i - bk+h+i^i 



so, exphcitly, (A.4) may be rewritten as 



^A. ~ n (^i ~ '^«-l + '^k+h-i — ak+h-l-i) 

D'^^ = ^{bi- bi+i + bk+h-i - bk+h+i-i) (A.5) 

which is true of all the bivalent foldings. 

One must now consider how D^j, is related to Dg and hope that it may be written in a similarly 
universal form. Consider first the unfolded case of Du. As mentioned in section [2j u may be 
written as 

r 

with one of the components, Uq, set to zero. The reciprocal basis is then just the set of funda- 
mental weights {Aj} that has Xq = 0. Thus, the gradient with respect to u may be written 

and so 



Du — / ^ XjDuj 



j=0 



For the folded field it is a similar picture. If (j) is in cii or ag^ the field is 



and so 






Dg = Y,>^',D^, (A.6) 



where A^ • a'- = 5ij for i, j = 1, . . . , n (Aq = 0), meaning that {A'j} are the fundamental weights 

id 

the sum of n — 1 rather than n. 



(2) 

of the folded theory. If (j) is instead in dn , the same analysis holds but with an upper limit to 
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One can use the expression for a'- found in section ^ to write A^ in terms of the weights of 
aV , with all of the folded theories; Cn , dn and Og^; having differences resulting in three dif- 
ferent possible expressions for D^p. These expressions are not written here, as it can be shown 
that they are all encompassed by the universal form 



h-l 



+h-j 



'Di 



j=0 



The expression (|A.7) counts all the non-zero terms twice apart from the j = 2 + 't- case of Cn' . 



(A.7) 



.(1) 



The results (A.5) can now be used, resulting in 

h-l 

4 



-D^ = - 2_^ (^j + ^k+h-j) (ai — Oi-i + ak+h-i — ak+h-1-1 
3=0 

h~l 

-D^ = - 2_^ i^j + ^k+h-j) {bi — ftj+i + bk+h-i — bk+h+i-i) 



(A.8) 
(A.9) 



j=0 



While (A.5) is useful in comparing the a priori and a posteriori defect equations, the form 



of (A.7) is not easy to work with when considering the momentum conservation of the folded 
defect, which requires, among other things, the quadratic quantity D'^ to be calculated. Working 

out the inner products between the weights of aV , which would need to be done for D'i, can 
be done on a case by case basis, but it is not clear how to do this in general so an easier to use 
form of Dj, is a necessity. 



A. 1.1 A more useful vi^ay to write D^ 

For the unfolded fields, the gradients of D^^' are already given in section 
form. The gradients of D can similarly be written 



4.2.2 



in an alternative 



3 
3 



D- =Y,lB^(^3b3 

3 

3 
X Z-^ 9 



"i bj + hj 



(A.IO) 



However, it is unclear from (4.20) what the analogous expressions for the gradients of D with 



respect to the folded fields and "0 are. Here the form of D^ is proposed to be 

h-\ 

4 



3=0 

h-l 



(A.ll) 
(A.12) 



3=0 



The equations (A.ll) and (A.12) are now shown to be true. The form of B must be used from 
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(4.2) along with its transpose, i.e., 



which results in 



j=0 
r 

j=0 



Boi + B ak+h-i = 2 (Aj — Aj+i + Xk+h-i — Xk+h-i-i] 
B ai + Bak+h-i = 2 (Aj — Ai_i + Xk+h-i — Xk+h-i+i) 



(A.13) 
(A.14) 



The first of these identities, (A.13) appears in D~t, so reordering sums in two ways gives 



h-l 



DJ 



DJ 



-^ 2_^ ^j i'^j ~ ^j-l + <^k+h-j — O-k+h-j+l) 

i=o 

h-l 

^ 2^ Xh+k~j {o-j — aj-i + ak+h-j — o-k+h-j+i) 



j=Q 



which may be combined to give 

h-l 

4 



h-l 

-^0 = - 2_^ i^j + ^k+h-j) (aj — flj-i + ak+h-j — o-k+h-j+i) 



j=0 



be used to show that (A. 12) matches (A.9) 



which matches (A. 8), thus proving that (A. 11) is correct. In exactly the same way (A.14) can 



Having these universal forms for the gradients will allow momentum conservation to be shown 
for all of the folded theories using the same argument. Everything that has been shown here 
for Dfj, has exact equivalents for D^, the difference being that ^ — )• ^ while ai ^ di, bi ^ bf, 
hence, there is no need to prove anything for D^ separately. 



All of the information needed to compare the a priori defect conditions ((|5.3[), (5.4) and (5.5)) 



to the a posteriori defect conditions (( |A.l ), (A. 2) and (A. 3)) is given by ( |A.7[ ) with (A. 4). 



A. 2 Comparison of the a priori and a posteriori defect conditions 

The first equations to compare are those obtained from the Euler-Lagrange equation for the 



bulk field on the left {(f) for the a priori case; u for the a posteriori case), i.e., (5.3) and (A.l) 



,Bx - D, 



(j)' = A<j> + Bx - Du 



There are clear differences between the equations, particularly as regards the number of equa- 
tions represented in component form. For both types of folding to match it should at least be 



the case that (A.l) has the same projection onto the folded root space as (5.3). Projection can 
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be made onto the folded root space by taking the inner product with ai + ak+h~u the left-hand 
sides match up so what needs to be compared is 



(qj + afc+fe-i)-RHS(|5^ — > {ai + ak+h-i)pBx - («« + ak+h-i) ■ D^ 

= (ai + ak+h-i)Bx - 7j X](ai + "fc+h-j) • (Aj + \k+h-j) {D^j + Du^^^^_j) 



(ai + ak+h-i)Bx - Du^ - Du^ 



with 



(aj + afe+/,_i)-RHS(A.l) 



{ai + ak+h-i)M + {ai + ak+h^i)Bx - {a^ + ak+h-i) ■ Dy 



{ai + ak+h-i)Bx - '^{ai + ak+h-i) ■ ^jB>Uj 

i 
{ai + ak+h-i)Bx - Du, - Du^+h-. ■ 



These match, but there could be extra information contained in ( A.l ) in the part of the aV root 



.(!)- 



space which is not on the folded space. This extra information may actually be contained else- 



where, perhaps in the time derivatives of the algebraic constraints (5.12) found in the x equation 



of motion. Some evidence for this supposition is provided for the Oj case in appendix B 



The equations (5.4) and (A. 2) give a completely similar picture to the above analysis so there 



is no need to consider them explicitly. 



Also clear is that the equations (5.5) and (A. 3) are exactly the same, so the x equation of 



motion is unchanged by the different folding processes. Examining the components of (5.5) a 
set of algebraic constraints is found: 



ai 



B' 



B'^ip 



ai 



-4^) -4^) 



-ai ■ D^ 



Oi+l 



ipi + tpi 



+1 



-D 



and 



B^tP 



Oik+h-i-i ■ [B 

-(pi + (j)i+i +tpi- ipi+i 



-(Xk+h-l- 
'L'Xk+h-l- 



Xi 



D, 



and consequently 



^v, + D 



Xk+h-l-i 







(A.15) 



where D = D^^> + D^"^'. In this form the constraints are valid for all of the bivalent foldings. It 
is worth checking how these constraints appear in terms of aj, Oj, bi and bi which involves 

B>xi = o-i - tti+i +ai- di+i -bi + 6i+i -bi + bi+i . 

For each folding the number of constraints is 

• Cn the n + 1 relations become n as the relation for z = | + n is a trivial identity = 0. 
The remaining n relations are not all linearly independent but n — 1 of them are- so there 
are n — 1 algebraic constraints- reducing the number of degrees of freedom of x from 2n — 1 
down to n. 



35 



(2) 

• dn . n of the n + 1 relations are independent so x has (2n — 1) — n = n — 1 degrees of 
freedom remaining. 

(2) 

• a2„: n independent constraints so x has 2n — n = n degrees of freedom remaining 

Using the constraints, degrees of freedom in the auxihary field x niay be removed such that the 
root space dimensionality of x is the same in each case as the dimensionality of the folded fields 

(f) and ip. 



In each case the relations (A. 15) may be written in a more useful form 



Oj — ak+h-i + ai — dk+h-i — bi + bk+h-i — bi + bk+h-i = 



Since each Oj is a positive helicity term and each bi has negative helicity, the algebraic constraints 
generally mix helicity which is an undesirable property. The remedy to this problem is provided 



in section 5.3 which examines the passing of solitons through the defect. 



B The folded defect in df 

(2) 

This appendix deals with the particular case of 03 , also known as the Ti^eica or the Bullough- 
Dodd model, when considering the defect of section [5J It is taken that /c = in terms of the 
bivalent foldings, and also that d = d to give the non-trivial defect, so in components the fields 
are 

ij = — - — V 

X = aiXi + 02X2 • 



The ambiguity over the meaning of (p and ip will disappear since everything will be expressed 



in terms of components henceforth. In components the Lagrangian (5.2) is then 

C = e{-x)C^ + 9{x)C^ + 6{x) ((</> - ^)X2 - D) (B.l) 

with 

and an entirely analogous picture for C^. 
The defect potential is given by 

D = d fe" 2-X2 _^ g|-xi+X2 _^ g-|-X2 _^ g|-xi+X2 _^ 2e^^ 



^#- 




$ = e" 


-■^ + 262 



+ ('e-2+>^2+e2-»+ 6-2+^^2 +e2-»+2e^i"^2) . (B.2) 
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The defect equations of (B.l) at x 



- are 

cp' = 2x2 - 2D^ 

4>-ip = --0x2 

V-' = 2x2 + 2D^ . 



(B.3) 
(B.4) 
(B.5) 
(B.6) 



The first thing to note now is the algebraic constraint (B.4). Since d = d\t\s expected that the 
algebraic constraint does not mix helicities (i.e., D+ = D7^_^ = 0) and indeed that is the case. 



Explicitly, using (B.2), the situation is 



D 



Xi 



id + d-^e-^-') f2e» - e2-»+>^2 _ g|-xi+X2 



so it is clear that D^_^ and D vanish separately. The algebraic constraint may be written as 



=2X1 



oX2 



62 + 62 



(B.7) 



meaning that the xi degree of freedom may be removed such that the auxiliary field has just 



one degree of freedom, X2- One aspect of using (B.7) to remove the xi terms in the exponentials 



in the potential D is that it results in terms coupling (j) to il> directly- this situation is also seen 
in the type II defects of ^. 



Also notable about the potential is that 

Dt = 2D+ + 2D, 



X2 



D 



X2 



-2D 



<P 



2d: 



i, 



(B.8) 
(B.9) 



where the first relation (B.8) is seen naturally in the form of (B.2); but the second, (B.9), 



requires use of the algebraic constraint D = (or, alternatively, (B.7)). 



Due to (B.8) and (B.9), the defect condition (B.5) may be rewritten as 

^ + 2D+ -2D-, =i^ -2D+ + 2D- . 



> 



i' 



(B.IO) 



Energy and momentum conservation are now provided in components 



B.l Energy conservation 



J2) 



The situation here is precisely that of section 5.4 in Og . In components the energy conservation 
equation is 

E = ^#' - ^V'^' ■ 



Using (B.3), (B.6) and then (B.5) gives 



E = -4>(t)' - ^V'V'' 



^^V - XiDxi - X2Dy,2 



-D 



with zero being added in the form of —xiD^-^^. Thus E + D is conserved as required. 
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B.2 Momentum conservation 



(2) 

The Oj component form version of the argument of section 



5.5 



IS 



V'V' + (p<P - wi^' 



<5 + ^ . 



Squaring (B.3) and (B.6) give 
1 



(</.>' - ^V) = -2x2 {D^ + D^) +Dl-Dl 
= -X2(Dt-D 



X2 -X2y-Xi(^i-^xJ+^^-^ 



2 n2 



by (B.8), (B.9) and the fact that D^^ — D = 0. Similarly, squaring both sides of (B.IO) and 
equating results in 



(fxj) — tpTp 



Dz -d: 



D2] + [D, 



^ ( ^^ ~ ^^ / ^ \^ip ~ ^ip 



2 / _L n2 



and thus the momentum conservation equation reduces to 



P 



D^-D-]+ 4d;d- - ad;d- -^ + ^. 



It is seen now that this is of the expected form since 



^d^d^-'^d+d;. 



e-'t> - e-"^ + (e^ - 




\ 


^ .f, ■i, 

^ 62+62 


e-<^ + 2e2 - e-^ - 


-26^ 


$_^. 





Hence, P + D^ — D is conserved. This is known already from section 5.5 so is nothing other 
than an explicit verification. 



B.3 Algebraic constraints and a posteriori folding 

(2) 

This a2 case has been examined from the point of view of a priori folding thus far, but there is 



,(2) 



the concern that the ag versions of (A.l) and (A. 2) may contain extra information not found 



in the a priori case. Indeed extra defect conditions are found which are 



(ai 



(A.l) 



a2j • 

02) • (|A.2D 



= -0 + 4x1 - 2x2 - ^«i + D^ 
= -z/. + 4x1 - 2x2 + D^, - D^ 



(B.ll) 
(B.12) 



An apparently extra condition may also be obtained in the a priori (and a posteriori) folded 



case from the algebraic constraint (B.7). For (B.7) to be true for all times it must be that case 
that 

d (2e2xi-X2) = d / I I 
dt ^ ' dt\ 
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and so 



^(4xi-2x2)(2e2>^^-^^) = ^(</'et+V' 



62 



Applying (B.7) to this results in 



+ 4x1-2x2 62 + -'0 + 4x1-2x2 6 2 =0 



(B.13) 



So the situation is that (B.13) is true in the a priori folded case and this might just contain the 



same information as (B.ll) and (B.12). What is certainly true is that (B.13) can be verified by 



means of (B.ll) and (B.12); applying these to (B.13) gives 



+ 4x1 - 2x2 ) 6^ + ( -V^ + 4x1 - 2x2 ) 62 = {Du^ - Du,) et + {-D^, + D^^) et 



2de"^i+^2 (2e2xi-X2 L 



62 



± 



e^ + e^ 



+ d^^e->^' i-2e^^^-^^ (e2 - 62 ) + 6"^ - 6^^ 




where the algebraic constraint (B.7) is used in the final step. 
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